
T E M P E R A T U R E  D I S T R I B U T I O N  I N  A C O M P O S I T E  

W I T H  A S T E P  C H A N G E  I N  T H E  C O N D I T I O N S  O F  

H E A T  T R A N S F E R  

A .  M .  A n d r e e v ,  E .  N .  K o l e s n i k o v a ,  
a n d  Y u .  A .  S o k o v i s h i n  

R O D  

UDC 536.24.01 

A me thod  is  p r o p o s e d  for  ca l cu la t ing  the s t e a d y - s t a t e  t e m p e r a t u r e  f ie ld  of  a mode l  p ipe  f i t t ing.  
T h e  r e s u l t s  a r e  c o m p a r e d  with t e s t  da ta .  

We c o n s i d e r  a s i t ua t ion  of ten  encoun te r ed  in p ipe  f i t t ing des ign ,  w h e r e  the lower  p a r t  of the rod  s t r u c -  
t u r e  is  t h e r m a l l y  insu la ted  whi le  the u p p e r  p a r t  is coo led  by na tu r a l  convec t ion  and r ad ia t ion  (Fig. 1). At  
low va lue s  of the B io t  n u m b e r  {Bi -~ 0.02-0.05) the p r o b l e m  can  be r educed  to so lv ing  a s y s t e m  of o n e - d i -  
m e n s i o n a l  hea t  t r a n s m i s s i o n  equat ions  for  the individual  g e o m e t r i c a l  c o m p o n e n t s  which a r e  c h a r a c t e r i z e d  
by d i f f e r e n t  condi t ions  of hea t  t r a n s f e r .  F o r  t h e r m a l l y  insu la ted  c o m p o n e n t s  t h e s e  equat ions  a r e  

-~-[)~(0~).. dO~ ~ - ]  --m~q(O~) (i=: 1, 2, 3), (1) 

for components cooled by laminar natural convection these equations are 
5 I 

d~ ~ :. 

(i -: 4, 5), 
b~_,<~. - (b i  ( i = : l ,  2 . . . . .  5), 

with the r ad ia t ion  e n e r g y  taken  a s  p r o p o r t i o n a l  to the  fifth p o w e r  of  the abso lu t e  t e m p e r a t u r e  [1], and with 
the  magn i tude  of the g e n e r a l i z e d  hea t  t r a n s f e r  coe f f i c i en t  N u x / ( G r x / 4 ) l / 4  v a r y i n g  o v e r  the he ight  of the 
hea t  t r a n s f e r  s u r f a c e .  

T h e  so lu t ions  to Eqs .  (1) and (2) for  individual  c o m p o n e n t s  join,  with r e s p e c t  to t e m p e r a t u r e  and 
t h e r m a l  f lux,  a c c o r d i n g  to the r e s p e c t i v e  bounda ry  condi t ions :  

at ~ =  b 0 - - 0  0 1 =  I; at ~ = b  1 0,  :-:0.,, 

at 

_ ?~ (%) d~,  k,~. (%) do.,_ .,.. koO,; 
d~ d~ 

I 

d~2 : k3~ (0 3) d~3 .... b 2 0.~ = ~3, )~ (Q,) -~.~- ~ -  --- k 4 [02 (b2) - -  e ,  (b,)] ' - -  

dO a dO4 . 

at ~ - -  b 3 t~3-- t~4' d~ -- d T ,  at ~ =  b4 04- -On,  )-(~4) dO4d~ 

dO3 . 
, 

d~ 
(3) 

at 

1 1 5 
dO 5 [ Nu= ~ k 5 [b 2 (b2) - -  O 4 (b,)] -~- dO, = ks). (Or,) - -  k, , ] ~ ~- 4-.aTus ; 

d~ d~ (Gr~/4) u J ~ 

--. b~ = 1 - -  X(Os) d----~=u ' -  ks Nux ( ~ - 0 s  ~ -'-k,{[1 -k (e0- -  I)Os] 5--- 1} . 
d~ (Gr~/4)T s " 
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Fig.  1. Rod with the rmal  insulation, natural  convection,  and radiat ion.  

Fig.  2. Compar i sonbe tween  tes t  data and calculat ions (l~r~ = 0.7, 
NUx/(Grx/4) 1/4 = 0.5, Ck = 0.1, d i = 0.065 m ,  d 2 = 0.035 m,  d 3 
= 0 . 0 1 4 m ,  d 4= 0 .062m) .  (a) T 0=470*K,  Too =298~ 1 = 0.387 
m ,  b 1 = 0 . 0 9 ,  b 2= 0.155, b 3= 0.4, b 4 = 0 . 7 1 ( 1 ) .  (b) T 0=673*K, 
T ~  = 298~ and the s a m e  dimensions  (2). (c) T O = 428"K, To~ 
= 296"K, l = 0.464 m ,  b 1 = 0.241, b 2 = 0.295, b 3 = 0.414, b 4 = 0.759 (3). 

The t he rma l  conductivity of the m a t e r i a l  is a s s u m e d ,  in p rac t ica l  calculat ions,  to be a l inear  function of 
the t e m p e r a t u r e :  

~ ( ~ ) =  1 Jr cT| [1 ~ (60-  t)#z] (4) 

The effect  of convect ion inside enclosed cavi t ies  is accounted for  by an equivalent the rma l  conductivity [2]: 
l 

~ = ~ [,% (b0 - ,% (b,)] T .  (5) 

The heat  l o s se s  through the insulat ion a r e  propor t iona l  to the t empe ra tu r e :  

q (6i) = 6~lRi. (6) 

The calculat ion of natural  convect ion  is made difficult  by the fact  that,  with an exponential t e m p e r a t u r e  
dis t r ibut ion along the rod height,  the t e m p e r a t u r e  prof i le  of the boundary l a y e r  is not se l f -ad jo in t  and the 
value of the N u x / ( G r x / 4 ) l / ~  complex  d e c r e a s e s  along the length coordinate  [3]. In o rde r  to evaluate  the 
the rma l  flux f rom the su r f ace ,  one m a y  use  the mean  value of N u x / ( G r x / 4 ) l / 4  obtained e a r l i e r  [3] for  
va r ious  values  of the P rand t l  number ,  but the accu racy  of the calculated t e m p e r a t u r e  dis t r ibut ion i m -  
p r o v e s  apprec iab ly  if the l i nea r  apl~roximation 

1 l 

[Nu~/ (GrJ4)T ] ,  = [ N u J ( G r J 4 ) T ] o  (1 - -  ch~ ) (7) 

is used,  where  the value of [NUx/(Grx/4) l /4]  o is taken f rom the se l f -adjo in t  solut ions to the equations of 
na tura l  convect ion [4] and where  coeff icient  Ck is based  on the d e c r e a s e  in the t he rma l  flux [3]. If  the 
initial point of the boundary l aye r  a t  the the rmal ly  uninsulated rod segment  does not l ie  a t  the or ig in  of 
coordinates  (Fig. 1, i = 4, 5), then ~ = ~ - b  a and the l inear  d imension  in the local  Nusse l t  and Grashof  
numbers  is x - 1 3 .  

For  a numer i ca l  solution of the p rob l em,  each of the five equations (1), (2) is reduced  to a s y s t e m  
of two f i r s t - o r d e r  equations with r e s pec t  to the t he rma l  flux u i = - ~ (~ i)d~ i / d  ~ and t e m p e r a t u r e  # i (~) :  

d~ild~ = - -  ud~. (6i) (i = 1, 2 . . . . .  5), 
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du~ 

d~ 

- -  ms~i /R ~ (i = 1,o2, 3), 

bi_~ ~ ~ -~ bi (i = 1, 2 . . . . .  5). (8) 

He re  the boundary conditions re ta in  the i r  fo rm (3), with d ~ i / d  ~ rep laced  b y - u i / ~ ( ~ i ) .  

The boundary-va lue  p rob lem (8), (3) can be solved as  a Cauchy p rob lem,  if the values  of functions 
ul(0 ) and ~s(1) a r e  given a t  both r e s p e c t i v e  end points of the 0 -< ~ -< 1 in terval .  Since these  values  a r e  
not known a t  the s t a r t  of ca lcula t ions ,  they mus t  be a s s u m e d  a r b i t r a r i l y  to the f i r s t  approximat ion .  The 
sequence  of in tegra t ions  over  the segments  of the 0 - ~ -< 1 in terva l  is governed hy the singulariW of s y s -  
t em (8) at, ~ = b 3 and by the s ingular i t ies  in the boundary conditions: a t  ~ = b 2 and ~ = b 4 the quantity [02(th) 
-~4(b4)] t / a  can  be calcula ted only a f t e r  the equations have been solved for the second segment  (b 1 _< ~ :~ b~) 
and the fourth s egmen t  (b~ _< ~ -< b4). For  this r eason ,  we have adopted the following scheme:  Eqs.  (8) a r e  
in tegra ted  f rom ~ :: 0 ove r  the f i r s t  s egment  (0 -< ~ _< b t) and the second segmen t  (b 1 _< ~ _ b2), then in the 
r e v e r s e  d i rec t ion  f rom ~ = 1 ove r  the fifth s egmen t  ~b~ -< ~ -< bs) and the fourth segment  (b 3 <_ ~ -< b4), 
which makes  it poss ib le  to ca lcula te  [J2(b~)-04(b4)]l/4 and, a f t e r  re turn ing  to point ~ = b 2, to in tegra te  
ove r  the third segment  (b 2 _< ~ -< b3). R e v e r s e  in tegra t ion  over  the fifth and the fourth segment  (i = 4, 5) 
makes  it poss ib le  to r e m o v e  the s ingular i ty  of Eq. (8) at  ~ = b 3 and to approach  the s ingular  point as  c l o s e -  
ly as  des i red .  During t rans i t ion  through the end points b i, the values  of ui and ui+ l n e c e s s a r y  for fu r ther  
in tegra t ion a r e  de t e rmined  f rom condition (3). Inasmuch as  ut(0) and ~5(1) have been se lec ted  a r b i t r a r i l y ,  
flmctions u~(~ ) and u4( ~ ) as  well  as  functions ~3(~ ) and ~4(~ ) do not m e e t  a t  f i r s t  when integrat ion is p e r -  
fo rmed  in opposi te  d i rec t ions  f rom the two endpoints  of the 0 _< ~ _~ 1 interval  and, the re fo re ,  they mus t  
be  joined now at  point ~ = b 3. The rea l  va lues  of ul(0) and ~5(1) a t  which ~.~(~) = 04(~) and ua(~) = u4(~) 
a t  point h 3 a r e  found by the Newton method.  System (8) is in tegrated over  each segav.ent by the Range 
- K u t t a  s cheme .  The advantage of this ent i re  p rocedu re  is i ts  fas t  convergence  (4-5 approximat ions)  and 
l i t t le  machine  t ime  requ i red  (approximate ly  1 min  for  solving the p rob lem on a BESM-4 computer ) .  

The r e su l t s  of such a solution were  checked exper imenta l ly  on ver t ica l  models  made  of grade  0KhlS-  
N10T s tee l .  The  lower p a r t  of the models  was insulated with a s b e s t o s ,  while the prot ruding upper  p a r t  
was  cooled by na tura l  convect ion in a i r .  The base  was heated in a l abo ra to ry  shaf t  furnace ,  but convect ive  
cu r r en t s  f rom the hea t e r  w e r e  kept  i sola ted by a p ro tec t ive  shield with a specia l  cooling s y s t e m  which 
mainta ined room t e m p e r a t u r e  a t  the shield su r face .  We examined the s t eady - s t a t e  t e m p e r a t u r e  d i s t r i bu -  
t ions along the height and a c r o s s  a sec t ion  of the mode l s ,  a l so  inside the enclosed cavi t ies .  The t e m p e r a -  
tu re  a t  15 control  sec t ions  was  m e a s u r e d  with C h r o m e l - A i u m e l  thermocouples  welded at  the pe r iphe ry  
and a t  the cen te r  of a sec t ion  by the capac i to r  welding technique. The t e m p e r a t u r e  nonuniformity over  a 
c r o s s  sec t ion  in the base  p a r t  did not exceed 1~ The t e m p e r a t u r e  field of the enclosed cavi ty  was 
s ea rched  with a m i c r o t h e r m o e o u p l e  inse r ted  through the wall  along cap i l l a ry  porce la in  insu la tors  tightly 
mounted in dr i l led  holes .  The  thermocouple  p robe  was moved a c r o s s  a cavi ty  sec t ion  by means  of a 
m i c r o m e t e r  coord ina tor  s c rew with a 0.01 m m  prec i s ion .  The m e a s u r e d  t e m p e r a t u r e  dis t r ibut ion along 
the cavi ty  height  a l m o s t  coincided with that  a long the model  wall,  while the t e m p e r a t u r e  a c r o s s  a cavi ty  
sec t ion  above the t he rm a l  insulat ion inc reased  toward the cen te r  by 2--4~ 

The calcula ted r e su l t s  a r e  com pa red  with t e s t  values  in Fig. 2. The max imum d i sc repancy  between 
then] does not exceed 30C within the upper  zone of the rod  cavi ty:  heat  convection inside the cavi ty  is a c -  
counted for  only in the boundary conditions (3), where  it a f fec ts  the second digit  in the value of the d e r i v a -  
t ive d ~ / d ~  - impor tan t  for or ient ing the t e m p e r a t u r e  curve  to join together  the solut ions.  

The p roposed  method reduces  the computat ion t ime for the design of a pipe fitting [5] to s eve ra l  
minutes ,  which is of p rac t i ca l  i n t e r e s t  in an ana lys i s  of s t ruc tu ra l  va r i an t s  during the design s tage.  

N O T A T I O N  

T is the absolu te  t e m p e r a t u r e ;  
P i  is the sec t ion  p e r i m e t e r ;  
F i c r o s s - s e c t i o n a l  a rea ;  
l i is the sec t ion  boundary;  
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Ri 
= ( T - T  r162  r162 ; 

~0 = T 0 / T ~  
= x/Z 

Ck 

Nux = ax(X-  l s)/  
Gr x = gf~(T - T  ~ ) ( x - / s ) s / v ~  ; 
Gr  0 = gf l (T0-T ~)13/v ~ ; 
Gr v = g~v(T0-T  oo)(l 4--/2)3/P2 V 
Bi = ~d/A c 
Pr = u /a  
mi = Pil2/Fi.Ac; 
C i = (PilX=/Fikc)(Gro/4)~/4; 
Si = [Pi/~as/Fi k c (To--T~)](T~/100)5; 

k 2 = (FI-F2)//FIAcRI; 

k S = (F 2 - Fs) / F2 ; 
kr = (Fs/F2)~k; 
k~ = IF3/(F 2-F3)]ek; 
k~ = F4/(F2-F3); 
k? = [(F 4-F3) A oo / (F2 - -Fs) tc ]0 .7(Gro/4) l /4  ; 
kB (~ ~ /~c )1 .3 (Gro /4 )1 /4 ;  
k s = [asl/Ac(To-T~)](To~/100)5; 
~k = 0-18(Av/Ac)(Grv "Pry) I/4 

is the thermal  r e s i s t ance  to heat  t r ans fe r ;  

a r e  the dimensionless  t empera tu res ;  
is the dimensionless  coordinate;  
is the dimensionless  ordinate in the boundary l aye r ;  
is the coefficient  accounting for  change of thermal  flux at  
the surface;  
is the Nussel t  number;  

a re  the Grashof  numbers ;  
is the Blot  number;  
is the P randtl number;  

a re  constant coefficients in Eqs.  (1), (2), and (3). For  
grade 0KhlSN10T steel  at  290~ <_ T -< 900~ ~r = 8.99 W 
/ m - ~  c = 0.00207 (~ -l ,  as = 0.2465 W / m  2 .~ s. 

S_ubsc r i p t s  

x denotes the local  value, function of the coordinate;  
0 denotes the original  of coordinates;  
co denotes the ambient medium; 
h denotes the inside cavity; 
r denotes the rod. 
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